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ARTICLE

Control- Oriented Linear Fractional Transformation Modelling and H∞ Control 
of a Two-DOF Mass- Spring- Dashpot Dynamic System
Tamal Roya, Mita Palb and Ranjit Kumar Baraib

aDepartment of Electrical Engineering, MCKV Institute of Engineering, Howrah, India; bDepartment of Electrical Engineering, Jadavpur 
University, Kolkata, India

ABSTRACT
This paper presents a systematic control-oriented uncertainty modelling approach in the Linear 
Fractional Transformation (LFT) framework of a Multi-Input-Multi-Output (MIMO) mechanical 
system for designing an H∞ controller. A compact modelling structure has been formulated by 
considering the parametric uncertainties and disturbances to implement robust control law to 
achieve certain performance specifications. A popular mechanical system, namely, Two-Degree 
-of-Freedom (2DOF) Mass-Spring-Dashpot (MSD) dynamics system, which is highly oscillatory 
and implements in many classical control techniques have been considered as a candidate 
system to formulate proposed control-oriented LFT modelling framework and design H∞ 
controller to verify the effectiveness of the derived modelling structure in a real-time environ-
ment. This modelling methodology has been illustrated in the simulation environment and 
indicating satisfactory robust stability and performance margin of the designed H∞ controller. 
The proposed control strategy is compared with the standard Model Reference Adaptive 
Control (MRAC) law to express the effectiveness of the controller.
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1. Introduction

In the last few decades, there has been the widespread 
advancement of H∞ control strategies for real practical 
systems (Mary, Mathew, and Jacob 2013; Corradini 
and Oelando 2001; Dey, Ghosh, and Ray 2009; 
Ahmad, Anjan, and Bukhari 2013; Giarre, Milanese, 
and Taragna 1997). Therefore, in order to design such 
control systems, substantial research efforts have been 
directed towards improving the model quality by 
incorporating the control objective into the system 
model. The control-oriented modelling formulation 
for the real physical system becomes necessary to 
obtain the appropriate control performance. Thus, it 
is becoming essential to select a suitable mathematical 
model of the system for the design of a particular 
control law in order to obtain optimum control per-
formance. However, from the perspective of the 
appropriate modelling for H∞ control law, it is neces-
sary to incorporate modelling uncertainties and repre-
sent the system model in the LFT framework. This 
paper presents a systematic uncertainty modelling 
technique in a control-oriented LFT framework for 
the linear multivariable system and further imple-
menting the H∞-control law to achieve certain perfor-
mance specifications. In this direction, we have 
considered the presence of uncertainties arising due 
to unmodelled dynamics, model order reduction, and 
the presence of the disturbance signal. An essential 
mechanical system, widely used in many practical 

applications, namely, a two-degree-of-freedom 
(2DOF) mass-spring-dashpot (MSD) dynamics sys-
tem, has been considered as a candidate system to 
implement the proposed modelling framework for 
designing an H∞ controller.

The LFT modelling is a comprehensive model con-
sisting of a nominal model and an unknown transfer 
function matrix to account for the various modelling 
uncertainties lumped into the structure required by µ- 
synthesis-based H∞-controller design. Few LFT mod-
elling techniques have already been discussed in the 
literature. A general description type LFT model 
representation consisting of rationally dependent mul-
tivariable function has been proposed in Hecker and 
Varga (2004). The variation of the model parameter of 
a nonlinear system due to change in the system con-
figuration and operating condition is expressed in 
matrix polynomials represented by the LFT structure 
(Boukarim and Chow 1998). An approximate 
reduced-order parametric Linear Fractional 
Representation (LFR) and a lower order LFT repre-
sentation of linear parametric model have been pro-
posed in Pfifer and Hecker (2011) and Hecker and 
Varga (2006). A systematic approach towards control- 
oriented LFT modelling and design H∞-controller for 
nonlinear Twin Rotor MIMO (TRMS) system has 
been discussed in Roy and Barai (2013).

LFT modelling is a linearised representation of the 
non-linear system incorporating the model 
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uncertainties in feedback-like connection. Therefore, 
LFT modelling is applicable to those non-linear sys-
tems where linearisation of the mathematical model-
ling is possible. A popular and useful energy absorbing 
device essentially contained a mass, spring, and dam-
per to reduce the unwanted vibrations of the attached 
vibrating system subjected to harmonic excitations. 
The mass-spring-dashpot dynamic system is a very 
useful and popular linear mechanical system that is 
used to determine the lower extremity stiffness and 
prediction of the ground reaction force during hop-
ping and running has been discussed in Nikooyan and 
Zadpoor. The steady-state vibrations of the long span, 
cantilevered, composite floor system are reduced by 
implementing the tuned-mass damping system has 
been discussed in Webster and Vaicaitis (1992). The 
ride comfort of passenger cars is improved by incor-
porating the tuned mass which reduces the vibrations 
of the chassis while road handling is taken care of by 
the damping-stiffness combination of the existing sus-
pension (Anand et al. 2007). MSD technology has 
been implemented in many high-rise buildings to 
mitigate wind-induced vibration (Chang et al. 2012). 
The active vibration control of a 2DOF MSD system 
using a classical PID controller has been introduced in 
the literature (Boujari et al. 2012). Therefore, MSD is 
a linear multivariable cross-coupled dynamics system; 
catch the special attention of the control system engi-
neers for the design of robust controllers for achieving 
desire performance specifications. Moreover, the MSD 
system is a popular mechanical platform to validate 
uncertainty modelling in a unified LFT framework by 
implementingH∞ control law. In robust control the-
ory, µ-synthesis-based H∞ law obtains optimum con-
trol performance for this particular linear 
multivariable system.

In the H∞ control strategy, the mathematical mod-
elling of the system under consideration can be cast in 
the LFT framework contained nominal model, and 
quantitatively described modelling uncertainty (Zhou 
and Doyle 1998). It is a rigorous process to design the 
H∞ controller for the 2DOF mechanical system to 
achieve robust stability, robust performance and also 
obtain a satisfactory time response. The H∞ control 
strategy is used to overcome or compensate for the 
effects of the model uncertainties (Sato, Yanagi, and 
Tsuruta 2011; Jiang and Ge 2008). In H∞-controller 
design technique aims to design a controller such that 
some performance level is guaranteed not only for 
a single nominal model but also for all changes in 
the plant dynamics within a predefined class. A time- 
varying parametric uncertainty modelling of 
a nonlinear system for robust dynamic output feed-
back controller has been derived in the literature 
(Wang, Xie, and De Souza 1992). Linear uncertain 
systems with stochastic uncertainty for robust H∞ 

state feedback control have been discussed in 

Ugrinovskii (1998). The design of an H∞ controller 
for certain performance specifications for multiple 
given plants is presented in the literature (Sebe 
1999). In four-leg DC-AC converters, H∞ control 
theory has been implemented to stabilising the com-
pensator in Haofeng and Yiwen (2013). H∞ observer 
for the state of charge estimation for a series- 
connected battery pack in Underground Mine 
Electric Vehicles (UMEVs) has been designed in Hea 
et al. (2017). The robust controller has been designed 
to achieve tracking performance for cable-driven par-
allel robots and a neuro-adaptive control system has 
been implemented for computation controller in 
Barhaghtalab et al. (2016). Design H∞ loop shaping 
controller to modify the effect of communication 
delay to improve the overall performance of the hybrid 
power system has been discussed in Danaboyina, 
Mangipudi, and Manyala (2018). However, ordinary 
uncertainty modelling of really complicated systems 
quite often fails to fulfill the prerequisite control objec-
tive of the robust H∞ control theory. Therefore, 
instead of deriving a generalised uncertainty model 
of physical systems, control-oriented LFT modelling 
and identification is suitable for proposed H∞ control 
law (Singh et al. 2016).

This paper presents a novel modelling technique to 
derive the control-oriented LFT modelling structure 
of the 2DOF MSD dynamics system even in the face of 
uncertainty and applying a µ-synthesis-based H∞- 
controller design to achieve desired control perfor-
mance. The proposed modelling structure is 
motivated by the fact that control-oriented modelling 
and identification ultimately result in a compact and 
manageable control system that is suitable for its 
implementation in the hard real-time environment 
like embedded systems. A 2DOF MSD dynamics sys-
tem exhibits an extensive amount of cross-couple 
dynamics terms. Therefore, it is a challenging task to 
formulate an accurate dynamics model of the MSD 
system. During the formulation of the proposed mod-
elling framework, all system parameters of 2DOF 
MSD dynamics have been sensibly considered as 
uncertain parameters due to the changes in the system 
configuration and operating conditions. 
Consequently, the proposed control law becomes 
effective in compensating the effect of noise and dis-
turbance from the various output channels well below 
the tolerance even in the face of plant uncertainty.

In order to validate the findings of the theoretical 
analysis, the performance of the proposed modelling 
structure has been evaluated in the simulation studies. 
Two different standard reference input signals with 
step and the sinusoidal signal have been considered 
to verify the time response performance of the control 
law. Finally, the performance of the proposed control 
law has been compared with model reference adaptive 
control in a simulation environment to justify the 
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effectiveness of the present approach. The model refer-
ence adaptive control is a particular class of adaptive 
control systems. This control scheme has the option to 
select the dynamics of the reference model as per 
control designer requirements. However, during the 
design stages of model reference adaptive control law, 
the selection of the reference model is a challenging 
task, and it imposes certain requirements in the struc-
ture; otherwise, the design becomes impossible or may 
result in a very poor control law.

The proposed modelling approach introduced the 
control objective into the system modelling in the LFT 
framework to represent the parametric uncertainties 
for implementing the robust H∞-control law. 
However, it preserves all valuable features of control- 
oriented uncertainty modelling approaches previously 
proposed literature and could ensure the robust stabi-
lity and the performance of the 2DOF MSD dynamics 
system.

The rest of the paper is organised as follows: LFT 
modelling is discussed in Section 2. Section 3 details 
the mathematical model and formulation of the LFT 
modelling of the 2DOF MSD system. Section 4 pre-
sents the H∞-controller design technique and details 
stability analysis of the proposed control law with the 
simulation study. Finally, Section 5 represents the 
conclusions.

2. Mathematical modelling of 2DOF MSD 
system

A 2DOF Mass-Spring-Dashpot (MSD) dynamic sys-
tem with two normal modes of vibration correspond-
ing to two input forces f1andf2 applied by two electric 
motors (actuators) directly coupled to the masses 
m1andm2 has been created displacement 
u1andu2from their equilibrium positions respectively 
1991) (ASEN3112-Structures 2018). A point mass m2 
is connected by a spring-dashpot pair that contains 
spring stiffness constants k2 and damping coefficient 
c2 respectively. Another point mass m1 is linked with 
the other spring-dashpot pair contains spring stiffness 
constants k1 and damping coefficient c1 respectively.

The Equation of Motion (EOM) of the 2DOF mass- 
spring-dashpot dynamics system is expressed by 
(2005) (ASEN 3112- Structures 2018) 

m1€u1 þ c1 _u1 þ c2 _u1 � c2 _u2 þ k1u1 þ k2u1 � k2u2
¼ p1

(1) 

m2€u2 � c2 _u1 þ c2 _u2 � k2u1 þ k2u1 þ k2u2 ¼ p2 (2) 

The equation of motion of the 2DOF MSD system can 
be expressed in matrix form 

m1 0
0 m2

� �
€u1
€u2

� �

þ
c1 þ c2 � c2
� c2 c2

� �
_u1
_u2

� �

þ
k1 þ k2 � k2
� k2 k2

� �
u1
u2

� �

¼
f1
f2

� �

(3) 

The compact matrix notation of EOM of two DOF 
mass-springs-dashpot systems is represented by 

M€uþ C_uþ Ku ¼ f (4) 

where, 

M ¼ m1 0
0 m2

� �

;C ¼ c1 þ c2 � c2
� c2 c2

� �

and K

¼
k1 þ k2 � k2
� k2 k2

� �

3. Linear Fractional Transformation modelling

A unified modelling structure representing the para-
metric uncertainties and relates each of the uncer-
tainty with a physically meaningful parameter of the 

Figure 1. 2DOF MSD Dynamic System
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actual system. Linear Fractional Transformation 
(LFT) is an appropriate representation of the model 
uncertainty in a feedback-like connection is essential 
for the application of the modern robust control tech-
nique like H∞-control and H∞-Loop Shaping. The 
general framework of the LFT modelling with transfer 
function matrix and perturbation block is described in 
the literature (Roy and Barai 2013).

3.1. Linear fractional transformation modelling 
of Two-DOF- Mass- Spring-Dashpot dynamic 
system

In the formulation of the modelling of a candidate 
system, it is assumed that no mass contribution for 
the spring and dashpot of the MSD system and also 
ignores the actuators (electric motor) dynamics 
because the actuators are directly connected with the 
system through pinion and rack 1991) (Burchett 
2005). Therefore, in order to improve the model qual-
ity by incorporating the uncertainties due to the 
unmodelled dynamics of the actuators and ignoring 
the mass contribution of the system parameters of the 
MSD system. The physical 2DOF MSD system has 
a considerable amount of nonlinearities due to the 
spring stiffness constants. The force f1does not 
directly act on mass m2, it acts through the spring 
stiffness k2. Hence, from the perspective of tackling 
the nonlinearities and the implementation of the 
applied forces, parametric uncertainty arises for the 
spring stiffness constants in the system modelling. 
Moreover, the damping coefficients of the 2DOF 
MSD system vary due to change in the temperature 
during the operating condition of the damper. 
Therefore, an attempt to derive an LFT modelling of 
a practical 2DOF MSD system certain percentage of 
parametric uncertainties have been introduced into 
the system model. In a realistic system, the variation 
of the physical parameters mass (m1andm2), damping 
coefficients (c1andc2), and spring stiffness constant 
(k1andk2) are considered uncertain parameters in the 
candidate system. It is assumed that the mass leads to 
20% variation, damping coefficients represent up to 
30% variation, and spring stiffness constants varying 
40% around the nominal value (3112- (Y.C. Paw and 
G.J. Balas 2008).

The actual mass of the system with all possible 
uncertainties are represented in input multiplicative 
perturbation configuration and can be expressed as 

mi ¼ �mið1þ pmi δmiÞ; i ¼ 1; 2 (5) 

where �mi is the nominal value of the corresponding 
mass, pmi ¼ 0:2 is the maximum relative uncertainties 
in each of the mass and � 1 � δci � 1.

As mass mi contained in the matrix M, then the 
matrix M is decomposed as 

M ¼ �M þMpΔm (6) 

�M ¼ 1 0
0 2

� �

2�2
;Mp ¼

1pm1 0
0 2pm2

� �

andΔm

¼
δm1 0
0 δm2

� �

The block partition matrix Qm is represented as 

Qm ¼
Qm11 Qm12

Qm21 Qm22

� �

¼
� M� 1Mp M� 1

� M� 1MP M� 1

" #

4�4

(7) 

The damping coefficients of the 2 DOF MSD systems 
with all possible uncertainties are also expressed in 
input multiplicative perturbation configuration 

ci ¼ �cið1þ pci δciÞ; i ¼ 1; 2 (8) 

where �ci are the nominal value of the corresponding 
damping coefficients, pci ¼ 0:3 is the maximum rela-
tive uncertainties in each of the damping coefficients 
and � 1 � δci � 1.

As matrix ci is the element of matrix C, than the 
matrix C is decomposed as 

C ¼ C þ ΔC (9) 

where, 

�C ¼ �c1 þ �c2 � �c2
� �c2 �c2

� �

and ΔC

¼
�c1pc1 δc1 þ �c2pc2 δc2 � �c2pc2 δc2

� �c2pc2 δc2 �c2pc2 δc2

� �

The uncertainty matrix ΔC further decomposed as 

Δ C ¼ Cf ΔcCg (10) 

where, 

Cf ¼
�c1pc1 � �c2pc2

0 �c2pc2

� �

;Δc ¼
δc1 0
0 δc2

� �

and Cg

¼
1 0
� 1 1

� �

The block partition matrix Qc for the damping coeffi-
cients is expressed as 

Qc ¼
Qc11 Qc12

Qc21 Qc22

� �

¼
02�2 Cg
Cf �C

� �

4�4
(11) 

Similarly, the spring stiffness constants of the system 
with all possible uncertainty are represented in input 
multiplicative perturbation configuration and can be 
expressed as 

ki ¼ kið1þ pki δkiÞ; i ¼ 1; 2 (12) 

where, ki is the nominal value of the corresponding 
spring stiffness constant, pki ¼ 0:4 is the maximum 
relative uncertainty in each of this stiffness constant 
and � 1 � δki � 1.

As matrix ki is the element of matrix K, than the 
matrix K is decomposed as
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K ¼ K þ ΔK 

where, 

�K ¼
�k1 þ �k2 � �k2
� �k2 �k2

� �

andΔK

¼
�k1pk1 δk1 þ

�k2pk2 δk2 � �k2pk2 δk2

� �k2pk2 δk2
�k2pk2 δk2

� �

The uncertainty matrix ΔKdecomposed as 

ΔK ¼ Kf ΔkKg (13) 

where, 

Kf ¼
�k1pc1 � �k2pk2

0 �k2pk2

� �

;Δk ¼
δk1 0
0 δk2

� �

and Kg

¼
1 0
� 1 1

� �

The block partition matrix Qk for the spring stiffness 
constants is expressed as 

Qk ¼
Qk11 Qk12

Qk21 Qk22

� �

¼
02�2 Kg
Kf �K

� �

4�4
(14) 

The block partition matrices Qm;QcandQk are incor-
porating in the system block diagram in Figure 2 and 
redrawn in Figure 3 with uncertainty blocks 
Δm;ΔcandΔktreating um;ucanduk are the outputs that 
are fed as input to the nominal blocksQm;QcandQk 
respectively. Similarly ym;ycandykare outputs of 
Qm;QcandQk are fed as inputs to the Δm;ΔcandΔk 
respectively.

Now, the state vector for the 2DOF mass-spring- 
dashpot dynamic system can be defined as 

X ¼ x1 x2 x3 x4½ �
T (15) 

where, 

x1 ¼ u1; x2 ¼ u2; x3 ¼ _u1; x4 ¼ _u2 

The output vector defined in terms of state variable as 

Figure 2. Block Diagram of Two-DOF MSD Dynamic System

Figure 3. Block Diagram representation of 2DOF MSD Dynamic System.
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y ¼ x1 x2½ �
T
¼ y1 y2½ �

T
¼ u1 u2½ �

T (16) 

The LFT modelling representation of the 2DOF MSD 
dynamic system is expressed as 

The input-output representation of the uncertainty 
matrix can be expressed as 

um
uc
uk

2

4

3

5 ¼

Δm 0 0
0 Δc 0
0 0 Δk

2

4

3

5

6�6

ym
yc
yk

2

4

3

5 (18) 

The state-space representation of the 2DOF mass- 
spring- dashpot system is expressed as 

_x
ym
yc
yk
y

2

6
6
6
6
4

3

7
7
7
7
5
¼ Gmsd

x
um
uc
uk
f

2

6
6
6
6
4

3

7
7
7
7
5

(19) 

where, 

Gmsd ¼

A B1 B2
C1 D11 D12
C2 D21 D22

2

4

3

5

12�12 

again,
A ¼ 02�2 I2�2

� �M� 1 �K � �M� 1 �C

� �

4�4
;B1 ¼

02�2 02�2 02�2
� �M� 1MP � �M� 1Cf � �M� 1Kf

� �

4�6  

B2 ¼
02�2
�M� 1

� �

4�2
;C1 ¼

� �M� 1 �K � �M� 1 �C
02�2 Cg
Kg 02�2

2

4

3

5

6�4  

The input-output relation of the perturbed 2DOF 
MSD system shown in Figure 4 is described by 

y ¼ FUðGmsd;ΔmsdÞf (20) 

With diagonal uncertainty matrix 

Δmsd ¼

Δm 0 0
0 Δc 0
0 0 Δk

2

4

3

5

6�6 

4. H∞ Controller design

The main objective for design an H∞ controller for 
2DOF MSD dynamic system is to develop a controller 
that reduces the effect of unwanted signals that 
appears in the closed-loop response like input-output 
disturbances, sensor noise, etc. The design specifica-
tion for implementing the H∞ control law for any 

dynamical system primarily depends on the selection 
of the weighting functions and the interconnected 
structure of the closed-loop system. The closed-loop 
structure effectively reduces the effect of the distur-
bance to a satisfactory level and achieves the desired 
performance. Therefore, the interconnection of the 
closed-loop structure of the 2DOF mass-spring- 
dashpot system has been developed systematically.

4.1. Weighting function

The selection of the appropriate weighting function is 
an essential step in the robust controller design tech-
nique. The robustness of the designed controller is 
affected by the output disturbances and the parametric 
uncertainties of the system. The weighting functions 
are chosen for disturbance attenuation to an 

Figure 4. Upper LFT Representation of the Two-DOF MSD 
Dynamic System.

_x1
_x2
_x3
_x4
ym
yc
yky

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

¼

02�2 I2�2 02�2 02�2 02�2 02�2

� �M� 1 �K � �M� 1 �C � �M� 1MP � �M� 1Cf � �M� 1Kf �M� 1

� �M� 1 �K � �M� 1 �C � �M� 1MP � �M� 1Cf � �M� 1Kf �M� 1

02�2 Cg 02�2 02�2 02�2 02�2
Kg 02�2 02�2 02�2 02�2 02�2

I2�2 02�2 02�2 02�2 02�2 02�2

2

6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
5

x1
x2
x3
x4
um
uc
uk

f

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

(17) 
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acceptable level and achieve satisfactory performance. 
The frequency characteristics of external disturbances 
and the performance requirement of the system 
directly depend on the weighting func-
tions. WP and Wf .

Weighting functions WP and Wf are chosen for the 
candidate system in the forms of 

wp1 ¼ wp2 ¼ 10� 1 10sþ 100
100sþ 10

andwf1 ¼ wf2 ¼ 10� 7

(21) 

where,
The weighting function Wp is responsible to reduce 

the effect of disturbance in the frequency response and 
ensures a good transient response with less overshoot 
and the control weighting function wf is a scalar 
function.

4.2. Robust stability

The closed MSD system achieves stability if the 
system is internally stable for all possible plant 
models in the upper LFT framework 
G ¼ FUðGmsd;ΔmsdÞ. Therefore, the 2DOF MSD sys-
tem remains stable for the parametric values 1:6 �
m1 � 2:4; 0:8 � m2 � 1:2; 0:07 � c1 � 0:13; 0:21 
� c2 � 0:39; 3:6 � k1 � 8:4; 1:8 � k2 � 4:2.

4.3. Robust performance

The close-loop system also achieves robust perfor-
mance of all possible plant models 
G ¼ FUðGmsd;ΔmsdÞ, have to satisfy the robust perfor-
mance criterion 

WPðI þ GKÞ� 1

Wf KðI þ GKÞ� 1

� �

1 < 1 (22) 

4.4. System interconnection

The closed-loop system with weighting functions 
(WpandWf ) and the controller K is shown in 
Figure 5. The designed controller K should make the 
closed-loop system stable with external disturbance 
and model uncertainties Δ which is connected with 
the nominal model Gmsd of the 2DOF MSD system in 
upper LFT framework. Matrix Δ is represented by an 
unknown transfer matrix but satisfies the norm con-
dition Δk k1 < 1 and the transfer function from d to 
weighted outputs epandef can be represented as 

ep
ef

� �

¼
WpðI þ GKÞ� 1

WuKðI þ GKÞ� 1

� �

d (23) 

The performance criteria of the transfer function 
should minimise in the. H1norm of with all possible 
uncertainties of Δ.

4.5. Simulation results

The controller K minimise the infinity-norm of e ¼
ep
ef

� �

with all disturbances and model uncertainties, 

where FLðP;KÞ is the transfer function matrix of the 
closed-loop system from disturbance d to the error                

Figure 5. Closed–Loop Structure of the 2DOF Mass-Spring-Dashpot (MSD) System with H∞ Controller.

Figure 6. Closed Loop LFT in H∞ Design.
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Figure 7. Singular Value Plot of the H∞ Controller.

Figure 8. Robust stability of the 2DOF MSD system with H∞ Controller.

Figure 9. Robust performance of 2DOF MSD system with H∞ Controller.
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Figure 10. Unit step response of uncontrolled 2DOF MSD System.

Figure 11. Closed-Loop step response of the 2DOF MSD System with model reference adaptive control (MRAC).

Figure 12. Closed-Loop (with H∞ Controller) step response of the 2DOF MSD system without noise.
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signal e is shown in Figure 6.
The design of the (sub) optimal H∞ controller is 

performed by using hinfsyn function in MATLAB is 
based on the proposed interconnection structure of 
the candidate system. The interval of γ iteration for 
H∞ control law has been chosen in between 0 and 10 
with a tolerance of 0.001. The H∞ controller of the 
closed-loop system achieves the. H1norm equal to 
1.0005. The designed H∞ controller for the MSD sys-
tem consists of six states with two inputs and two 
outputs. Therefore, the H∞ controller consists of six 
poles. These six poles are in the form of three complex 
conjugate pole pairs positioned at the left half of the 
s-plane. All six stable poles of the designed H∞ con-
troller make the closed-loop system more acceptable 
in practice. The singular value plot of the H∞ control-
ler is shown in Figure 7.

The frequency responses of the upper and lower 
bound of the closed-loop system are shown in 
Figure 8. It is evident from Figure 8 that the closed- 
loop system with an H∞ controller achieves robust 
stability with the maximum value of 0.73996. 
Moreover, the proposed closed-loop structure with 
controller also ensured robust performance by means 
of the μ-analysis with the maximum values of 0.97076 
as shown in Figure 9.

While performing the transient responses two 
different standard input signals have been consid-
ered to verify the effectiveness of the proposed 
modelling structure in the time domain. 
Uncontrolled transient response of the 2DOF 
MSD system with step and sinusoidal input signals 
have been represented in Figure 10 and Figure 14 
respectively.

Figure 13. Closed-Loop (with H∞ Controller) step response of the 2DOF MSD system with white noise.

Figure 14. Sinusoidal Response of Uncontrolled 2DOF MSD System.
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Figure 15. Closed-Loop Sinusoidal Response of the 2DOF MSD System with Model Reference Adaptive Control.

Figure 16. Closed-Loop (with H∞ Controller) Sinusoidal Response of the 2DOF MSD System without Noise.

Figure 17. Closed-Loop (with H∞ Controller) Sinusoidal Response of the 2DOF MSD System with White Noise
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In addition, the performance of the proposed μ- 
synthesis-based H∞ control law has been compared 
with the model reference adaptive control law to 
demonstrate the improvements in control perfor-
mance for step as well as the sinusoidal input signal. 
It is observed that the model reference adaptive con-
trol law produces a considerable amount of transient 
and steady-state error for both the step and sinusoidal 
input signals as shown in Figure 11 and Figure 15 
respectively.

It is evident from the outcomes of the simulation 
studies that the proposed control law yields much 
better performance than the model reference adaptive 
control law as shown in Figure 12 and Figure 16 
respectively without any noise signal. The closed- 
loop step and sinusoidal response of the 2DOF MSD 
system with band-limited white noise signal are shown 
in Figure 13 and Figure17. The performance of the 
proposed control law can be evaluated quantitatively 
by calculating the Root Mean Square Error (RMSE) of 
the steady-state response of the 2DOF MSD system. 
The RMSEs for step input signal of the system 2DOF 
MSD system are 0.002135 and 0.004689 for without 
noise and with noise signal conditions respectively. 
Similarly, for sinusoidal input signal, the values of 
the RMSE are 0.001528 (for both outputs) for without 
noise signal and 0.09377 and 0.1572 (output1 & out-
put2) for with noise signal conditions respectively.

An insignificant change in the output response has 
been observed. Because during the formulation of the 
control-oriented modelling in the LFT framework 
some parametric uncertainties (e.g., mass, damping 
co-efficient and spring stiffness constants) have been 
considered; those factors have generally affected the 
performance and the stability of the control law. These 
parametric uncertainties have not been considered in 
model reference adaptive control law. However, the 
above mentioned outcomes of the H∞ control law 
make the closed-loop structure of the candidate sys-
tem robust enough than that of the model reference 
adaptive control law. Therefore, it should be remem-
bered that proposed control-oriented LFT modelling 
approaches are capable of ensuring robust stability 
and performance that in turn, makes it more versatile 
and acceptable than any other application of oriented 
modelling approaches.

5. Conclusion

The main objective of this paper is to derive 
a compact uncertainty modelling realisation of 
a multidimensional system refers to as the smallest 
possible representation of the uncertainty matrix 
and design a µ- synthesis-based H∞ controller for 
the LFT modelling to achieve certain performance 
specification in the presence of disturbance and the 

model uncertainties. General mathematical model-
ling of a 2DOF Mass-Spring-Dashpot dynamic sys-
tem has judiciously been restructured to yield 
a compact and manageable control system that is 
amenable for its implementation in the hard real- 
time environment. Although the simplicity and 
compactness of the devised uncertainty modelling 
in the LFT framework is essential for the applica-
tion of modern robust control techniques like µ- 
analysis and synthesis in addition to H∞-control. 
Moreover, it can ensure that the robust stability 
and performance of the 2DOF Mass-Spring- 
Dashpot dynamic system makes it more acceptable 
in application oriented-approaches.

The effectiveness of the proposed H∞ control law 
has been studied in simulation environments, and it 
has been observed that the performance of the devised 
controller has exhibited better performance than the 
model reference adaptive control. The model refer-
ence adaptive control has yielded a considerable 
amount of steady-state error in the transient response. 
Although the H∞ control law effectively nullifies the 
steady-state error in transient response. Therefore, 
a comparative study on the performance of the pro-
posed control law and the other modern control tech-
nique has revealed the fact that the H∞ control law 
contributes more satisfactory results than the other 
design approaches. Finally, it has been concluded 
that the derived modelling structure not only 
a compact uncertainty modelling representation of 
a real dynamical system but also exhibits excellent 
robust stability and performance with all possible 
uncertainties and disturbances.
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Appendix

Table A Numerical Values of Two-DOF MSD Dynamics System.
Symbol Value Unit Symbol Value Unit

m1 2 Kg k1 6 N=m
m2 1 Kg k2 3 N=m
c1 0.1 N=m=s f1 sin t N
c2 0.3 N=m=s f2 sin t N

Figure A Simulation Diagram of a Closed-Loop 2DOF MSD 
System with H∞ Controller.
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